Abstract. We calculate the Hochschild and cyclic cohomology of the Z2 toroidal orbifold A alg θ ⋊Z2. We also calculate the Chern-Connes pairing of the even cyclic cohomology group with the known elements of K0(A alg θ ⋊ Z2).
Introduction and Statement
In the classic paper [C] , A.Connes constructed a noncommutative analogue of the Chern map for differential geometry. He considered the map from the K 0 of the noncommutative algebras to the even cyclic homology and paired the projections with the cyclic cohomology to give a numerical invariant for the projection.
In this article we compute the Hochschild and cyclic cohomology of the Z 2 non-commutative toroidal orbifold, A alg θ ⋊Z 2 . In my paper [Q] , the cyclic homology for A alg θ ⋊Γ was calculated for all finite subgrops Γ of SL(2, Z). Using the results therein [Q] and the projections calculated by [ELPH] we compute the Chern-Connes pair table for A alg θ ⋊ Z 2 . Following are the statements of the theorems proved in this paper. 
Based on our observations, we end the article with a conjecture on the dimesnion of the unknown group
The group Z 2 acts on A alg θ in the bar complex as −1·χ(x 0 , x 1 , x 2 ) = χ(−1·x 0 , −1·x 1 , −1·x 2 ). Further we pullback the map −1 ψ = −1 · ψ back on to the Kozul complex via the map h * 2 . Let w = h * 2 ( −1 ψ) denote the pull back of −1 ψ on the Kozul complex. We have
2 ))(−1 · x 0 ). We know that from the calculation in chapter 3 that
2 ). Hence we havẽ
Hence we need to compare ϕ(x) with ϕ(
Using the Kozul complex, we see that
) ∼ = C 4 generated by the cocycles supported at ϕ 0,0 , ϕ 1,0 , ϕ 0.1 and ϕ 1,1 .
Case 1:
We check the invariance of ϕ 0,0 ,
Hence it is not invariant under the Z 2 action.
Case 2:
We check the invariance of ϕ 1,0 ,
Since the cocycle ϕ 1,0 is equivalent to λϕ −1,0 , we have it not invariant under the Z 2 action.
Case 3:
We check the invariance of ϕ 0,1 ,
Since the cocycle ϕ 0,1 is equivalent to λ −1 ϕ 0,−1 , we have it not invariant under the Z 2 action.
Case 4:
We check the invariance of ϕ 1,1 ,
Since ϕ 1,1 is a cocycle equivalent to ϕ −1,−1 , we have this cocycle is not invariant under the Z 2 action.
For ψ = aϕ 0,0 + bϕ 1,0 + cϕ 0,1 + dϕ 1,1 , the pull back of the corresponding cocycle after Z 2 action on the Kozul complex is Ψ, which can be described as follows,
Hence we see that the coefficients of this pull back is different from those of the original cocycle. And the only invariant cocycle is the zero cocycle.
Therefore we conclude that
We remark in this computation that
such that for all w ∈ Z we have
Since we know that a connected component of the kernel diagram looks like :
Hence we have,
s 0 which satisfies the required condition for finitely many lattice points. Define γ ≤ s 0 := lim
, we have
We can similarly define γ > s 0 such that
Then γ s 0 := γ ≤ s 0 + γ > s 0 , satisfies the following equation.
It may be surprising to note the degree of freedom we had while constructing γ s 0 . This can be traced back to the fact that the kernel of −1 α 1 is a 4 dimensional vector space. That is −1 α 1 is way away from being injective. As we shall prove an arbitrary cocycle to be a coboundary, we shall notice the various possibility we have in doing so; hence reveal the nature of map −1 α 1 .
Proof. Let ϕ ∈ ker( −1 α 2 ). Recall that with the diagram representation of the kernel element ϕ = (ϕ 1 , ϕ 2 ), we have a lattice
It is important to recall that each π i (Dgm(ϕ)) are lattices in Z 2 with alternate rows of ϕ 1 and ϕ 2 . Here π i : Z 2 ⊕Z 2 ⊕Z 2 → Z 2 are the projection maps.
Let us understand the construction of a π i (Dgm(ϕ)). The π i (Dgm(ϕ)) consists of alternate non-zero entries, meaning one considering a row/column will find zeros at least at alternate positions. Each π i (Dgm(ϕ)) has rows/columns of ϕ 2 's and ϕ 1 's alternately placed.
Applying the lemma 4.5 above for H s 0 for each s 0 we get a sequence γ s 0 ∈ A alg * θ . Define γ = γ 0 + γ 2 + γ −2 + ..., then the lattice
has alternate rows of zero. We need not worry about convergence as we are adding disjointly supported lattices. These are the rows where ϕ 1 is used to reside in π 1 (Dgm(ϕ)). The other alternate set consists of the modified ϕ ′2 's. We state that what remains belongs to im( −1 α 1 ).
Firstly notice that each of these ϕ ′2 rows belong to ker( −1 α 2 ) separately. This is easy to see as there is no kernel equation that relates ϕ ′ p,q with ϕ l,w for q = w. Now also note that if there is even a single zero entry in any of these rows, then, the whole row ought to be a zero row. Again, this is also seen through the repetitive application of the kernel equation to the row starting with the kernel equation containing the zero entry. With the following lemma we prove that H 1 (A alg θ , −1 A alg * θ ) = 0. LEMMA 2.6. For s 0 ∈ Z, let (η) w be a sequence satisfying η w+1 = λ s 0 −1 η w−1 . Then there exist ρ − , ρ + such that −1 α 1 (ρ − s 0 ) = −1 α 1 (ρ + s 0 ) = ψ, where,
Then, −1 α 1 (ρ ′− s 0 ) − ψ has non-zero entries only in the row at s = s 0 − 2. Similarly we can define ρ ′′− s 0 such that −1 α 1 (ρ ′− s 0 ) + −1 α 1 (ρ ′′− s 0 ) − ψ has non-zero entries only in the row at
Hence we consider a given row of ϕ 2 in −1 α 1 (γ)−π 1 (Dgm(ϕ)), for each of its rows below the x-axis we get corresponding ρ − s and each of the ϕ 2 rows above the x-axis we get correspond-
We see that m = n − 1 = 0 satisfies the above condition. Hence, we have
and is generated by ϕ 0,0 .
Since the action of Z 2 on bar complex translates as it is on to the Kozul complex using the maps h 0 = k 0 = id, we get that
Proof. We see from the calculations in [C] 
) ∼ = C generated by the cocycle equivalent toφ −1,−1 . To check the invariance of this cocycle we need to check that,
Proof. We firstly look at the kernel set of α 2 .
We get that for (ϕ 1 , ϕ 2 ) ∈ ker(α 2 ), we need to ensure that
We define an element ϕ ∈ A alg * θ as follows
It is easy to check that α 1 (ϕ) n,m = (ϕ 1 , ϕ 2 ) n,m for all (n, m) = (0, m); (n, 0). Hence we have
Which is generated byφ 1 −1,0 andφ 2 0,−1 . To calculate the invariance we use the complex maps h 1 and k 1 . We recall the technique deployed in previous lemma. We consider the element (aϕ 1 −1,0 , bϕ 2 0,−1 ) ∈ A 
Thereafter we have the action of Z 2 on ψ. Define −1 ψ(x 0 , x 1 ) = ψ(−1 · x 0 , −1 · x 1 ). We now pull back −1 ψ on to the Kozul complex to compare with the original cocycle. The pull back w can be described as follows:
We observe that w 1 (
We know from our computations in chapter 3 that k 1 (I ⊗ U −1
1 ), using this relation we compute that
Similarly, we can calculate w 2 and hence we finally conclude that
So, we have 
We see that HC 1 (A alg θ , ±1 A alg * θ ) Z 2 = 0, and we have
We also calculate the periodic cyclic homology of the A In this section we calculate the Chern-Connes pairing associated with this toroidal orbifold A alg θ ⋊ Z 2 . We see that among the six projections generating K 0 (A θ ⋊ Z 2 ), described in [ELPH] , five belong to the algebra A alg θ ⋊ Z 2 . They are the following
• [p θ ], where p θ = 1 2 (1 + t).
• [q θ 0 ], where q θ 0 = 1 2 (1 − U 1 t).
• [q θ 1 ], where q θ 1 = 1 2 (1 − U 2 t).
• [r θ ], where r θ = 1 2 (1 − √ λU 1 U 2 t).
A complete description of the group K 0 (A alg θ ⋊ Z 2 ) is unknown, with the Chern-Connes pairing of these five generators we will have some understanding of its non-commutative index theory. We describe pairing of the elements of HC even (A The following are the pairings with the element [Sτ ] ∈ HC even (A
